The differential transformation method (DTM) is applied to investigate free vibration of functionally graded beams supported by arbitrary boundary conditions, including various types of elastically end constraints. The material properties of functionally graded beams are assumed to obey the power law distribution. The main advantages of this method are known for its excellence in high accuracy with small computational expensiveness. The DTM also provides all natural frequencies and mode shapes without any frequency missing. Fundamental frequencies as well as their higher frequencies and mode shapes are presented. The significant aspects such as boundary conditions, values of translational and rotational spring constants and the material volume fraction index on the natural frequencies and mode shapes are discussed. For elastically end constraints, some available results of special cases for isotropic beams are used to validate the present results. The new frequency results and mode shapes of functionally graded beams resting on elastically end constraints are presented.
Introduction
A new class of composite materials, called functionally graded materials (FGMs), is considered in this paper. The potential uses of FGMs in engineering applications include aerospace structures, engine combustion chambers, fusion energy devices, engine parts and other engineering structures. In recent years, the static and dynamic analyses of functionally graded (FG) beams have increasingly attracted many researchers.
Sankar [1] provided an elasticity solution based on Euler-Bernoulli beam theory for bending analysis of FG beams. An analytical solution of cantilever FG beams subjected to various types of loadings was presented by Zhong and Yu [2] using the Airy stress function. Deflection and natural frequency results of the layered FG beams were obtained from the zigzag theoretical modeling and experiment by Kapuria et al. [3] . Sina et al. [4] employed the first order shear deformation (FSDT) to solve the free vibration problem of FG beams. The Lagrange multiplier method was used to solve the fundamental frequency of FG beams based on different higherorder beam theories in the study of Simsek [5] . Free vibration analysis of simply supported FG beams was done by Aydogdu and Taskin [6] . Wattanasakulpong et al. [7] used an improved third order shear deformation theory to analyze free vibration of FG beams using the Ritz method. The finite element method was used by Alshorbagy et al. [8] to investigate free vibration characteristics of FG beams. Yang and Chen [9] provided analytical solution based on classical beam theory (CBT) for investigating natural frequencies and critical buckling load of FG beams with edge cracks. The edge cracked FG beams were also studied by Kitipornchai et al. [10] using Timoshenko beam theory. The problems of FG beams resting on elastic foundations were solved by Sahraee et al. [11] and Pradhan and Murmu [12] using differential quadrature method (DQM). Isotropic beams, supported by elastically end constraints, were the subject of many researchers [13] [14] [15] [16] , but none is dealing with FG beams.
Differential transformation method (DTM) based on Taylor series expansion was initially introduced by Zhou [17] in his study of electrical circuits. It was first implemented to solve vibration analysis of beams by Malik and Dang [18] . Kaya and Ozgumus [19] [20] [21] successfully used the DTM to solve many cases of vibration problems. Pradhan et al. [22] also used the DTM to solve the buckling problem of a single walled carbon nanotube.
According to the authors' knowledge, there is no pre-vious study on free vibration of FG beams supported by elastically end constraints in the open literature. In this study, the effective tool, DTM, is implemented to analyze free vibration of FG beams with arbitrary boundary conditions, including various types of elastically end constraints. Fundamental frequencies as well as their higher frequencies and mode shapes are presented. The effects of spring constants and the material volume fraction index on the natural frequencies and mode shapes are discussed. Some available special cases in the open literature are used to validate the present results derived from DTM.
Functionally Graded Materials
A functionally graded beam made of ceramic-metal is considered in this study. The beam geometry and the variation of material volume fraction across the beam thickness associated with the power law distribution are shown in Figure 1 .
Based on the rule of mixture, the effective material properties, P, can be written as
Delale and Erdogan [23] indicated that the effect of Poisson's ratio on the behavior of the FG plate is much less than that of the Young's modulus, thus the Poisson's ratio will assume to be constant in our study.
The FGM Beam Vibration Analysis
Consider a classical beam theory (CBT) based on the Kirchhoff-Love hypothesis, the displacements of an arbitrary point along x and z axes can be expressed as follows:
where 0 u and 0 w are the displacements at a point in the mid-plane. From the displacements in Equation (5), one can obtain the non-zero strains of the beam as
The normal force resultant,
, and transverse shear force, x Q , take the form:
where
The extensional stiffness  
11
A , extensional-bending The principle of the DTM is to transform the governing differential and boundary condition equations into a set of algebraic equations using transformation rules. The basic operations required in differential transformation for the governing differential and boundary condition equations are shown in Tables 1 and 2 respectively. The general function, f (x) in Tables 1 and 2 is considered as the transverse displacement W (x). Apply the basic operations of DTM in Table 1 with the fundamentals of the DTM presented in [18] to the governing differential equation, Equation (12) , one can obtain the recurrence equation as:
where 2 11 11 11
It is seen that Equation (14) is independent from boundary conditions. Therefore to obtain frequency results, the displacement function of Equation (14) must be used to satisfy the corresponding boundary equations.
FG beams without Elastically End Constraints
Three types of general edge conditions, without any springs, at x = 0 and L are: Simply supported (S), Table 1 . Basic operations of DTM for the governing equations. 
Original functions Transformed functions
 . Now consider a beam with free-free (F-F) boundary conditions. The bending moment and shear force at x = 0 and L are zero. Let the non-zero values of deflection and slope at x = 0 indicate by C 0 and C 1 respectively. Applying the basic operations of DTM for the boundary condition at x = 0, using Table  2 , one obtains
Substituting Equation (15) 
For the boundary condition at x = L, applying the basic operations of DTM using Table 2 
Substituting   W r from Equation (16) into Equation (17) leads to two polynomial equations which can be arranged into the following matrix form. 11 12 0
where 
The frequency results can be determined by setting the determinant of the coefficient matrix of Equation (18) 
Solving the frequency equation in Equation (19), one obtains the frequency results as:
, where r = 1, 2, 3,···, R. Therefore,
is the th r estimated frequency corresponding to R. Hence, an appropriate value of R is obtained by convergence analysis with the following criterion,
where δ is a given error tolerance. The mode shape function can be obtained using 
Following the same procedure, one can obtain the frequency equation and mode shape function for other kinds of boundary conditions without any spring support as given in Appendix A.
FG Beams with Elastically End Constraints
A FG beam supporting by elastic translational and rotational springs at both ends, called E-E boundary conditions, is shown in Figure 2 . For this case, the boundary conditions at the left end can be expressed as,
The boundary conditions in Equation (22) can be take another form as 3 2 Where k TL and k RL are the translational spring constant (MN/m) and the rotational spring constant (MN·m/rad) at the left end respectively. Let the non-zero values of deflection and slope at x = 0 be C 0 and C 1 respectively. Use Table 2 to apply the basic operations of DTM for these non-zero quantities at x = 0, one obtains
The expressions for non-zero values of bending moment and shear force at x = 0 can be written as
To find [ ] W r for all values of r, the components in Equations (24) and (25) are substituted into the recurrence Equation (14) .
At x = L, the boundary conditions are
They can be written as:
Similarly, applying the DTM to the boundary conditions (28) yields
W r from Equation (26) into Equation (29) leads to two polynomial equations which can be arranged into the following matrix form: 11 12 0
where: 
Similarly, set the determinant of the coefficient matrix of Equation (30) to zero with finite number of terms, one obtains the following frequency equation. 
The mode shape function corresponding to the frequency in Equation (31) can be derived as:
where: (please see the Equation (33) below). Following similar procedure, one can obtain the frequency equation and mode shape function for a clampedelastic supported (C-E) beam in Figure 3 as follows.
The frequency equation:
The mode shape function: 
where:
For the case of simply supported-elastic (S-E) FG beams as shown in 
Numerical Results and Discussions

FG Beams without Elastically End Constraints
FG beams made of Alumina (Al 2 O 3 ) and Aluminum (Al); whose material properties are: E = 380 GPa, ρ = 3960 kg/m 3 , ν = 0.3 for Al 2 O 3 and E = 70 GPa, ρ = 2702 kg/m 3 , ν = 0.3 for Al; are chosen for this study. Six types of boundary conditions are considered as shown in Table 3 . The dimensionless frequency is defined as
. From convergence study it is found out that R equals to 15 is sufficient for the required accuracy. Using R more than 15 will present the same results for the first to sixth modes. To receive the frequency results that are higher than sixth mode, the value of R more than 15 may be needed. Five modes of vibration with various volume fraction indexes are presented in Table 3 .
Only the fundamental frequencies of the work by Simsek [5] for three types of boundary conditions, namely, (S-S), (C-F) and (C-C), are found in the open literature. Very good agreement with the present results for all volume fraction indexes is confirmed as shown in Table  3 . It is seen that, for all boundary conditions, all frequencies decrease as volume fraction indexes increase. The C-C and F-F frequencies are practically equal and they are the highest of all boundary conditions. Results in the table show that the volume fraction index is one of the most important parameters that have significant impact on the frequency of vibration and therefore, it must be considered in designing a beam to meet the required frequency. Changing this parameter also means changing flexibility of beams.
FG Beams with Elastically End Constraints
Three types of boundary condition; namely, C-E, S-E and E-E, of FG beams with elastically end constraints will be investigated in the following sections. Due to classical beam theory considered in this study, it is appropriate to choose the thickness ratio (L/h) more than 20.
In the following investigation the ratio (L/h = 30) is selected for all of the next calculation. However, the frequency equation and mode shape function presented in this study can be used effectively for other values of the thickness ratio.
Vibration Analysis of FG Beams with C-E Boundary Condition
Consider a FG beam completely clamped at the left end and supported by translational and rotational springs at the right end. The beam is defined as the C-E beam. The frequency results for the first six modes with various volume fraction indexes are shown in Table 4 . To verify the results, only the available work of Lai et al. [14] on the isotropic beam (n = 0 for full Al 2 O 3 ) with the same type of support is shown in the second row. All modes of frequencies agree excellently. Again, all frequencies decrease as volume fraction indexes increase.
Effects of varying the values of spring constants, with n fixed at 0.5, on the response of FG beams for the first three modes are shown in Table 5 . All frequencies increase as spring constants increase as expected. Observe . that for very large value of k TR and k RR , the frequencies, Ω 1 , Ω 2 and Ω 3 approach those of C-C beam in Table 3 . The first to forth mode shapes of FG beams with C-E boundary condition are shown in Figures 5(a)-(d) , respectively. It is seen that different values of spring support change the mode shapes of the vibrating beams significantly. Note that for k TR = k RR = 0, the beam corresponds to a C-F beam and as k TR = k RR →∞, a C-C beam is obtained.
Vibration Analysis of FG Beams with S-E
Boundary Condition Dimensionless frequency results of FG beams, with S-E boundary conditions as shown in Figure 4 , for the first six modes are tabulated in Table 6 . To verify the results, again, only the work of Lai et al. [14] on the isotropic beam (n = 0) is available as shown in the second row of Table 6 . All frequencies, Ω 1 to Ω 6 , agree excellently. It is seen that, all frequencies decrease as volume fraction indexes increase.
The first three frequencies for S-E boundary condition with variable spring constants, k TR and k RR are presented in Table 7 . To illustrate the effects of spring constants and material volume fraction on the fundamental frequency, 3-D figures for S-E and C-E beams are plotted in Figure 6 . And Figure 7 shows the 1 st to 4 th mode shapes of FG beams with S-E boundary condition.
Vibration Analysis of FG Beams with E-E
Boundary Condition FG beams supported by translational and rotational springs at both ends as shown in Figure 2 are considered in this section. Dimensionless frequencies of various modes and volume fraction indexes are presented in Table 8 . Again, the accuracy is confirmed by the case of isotropic beams by Lai et al. [14] . It is observed that the first and second frequency results depend mostly on the effects of translational and rotational spring stiffnesses at both ends, Hence, they show different trends of change in comparison with other modes when the value of the volume fraction index increases. It is clear that as the values of k TL = k TR = k RL = k RR →∞, this E-E FG beam behaves like the C-C FG beam (see Table 3 ). Table 9 shows the frequency results of the first three modes with variable spring constants. It is similar to the previous cases that frequencies increase as the spring constants increase.
To understand the vibration behavior of FG beams supported by elastically end constraints, the effect of spring constants at both ends on the fundamental frequencies is shown as 3-D plot in Figure 8 . Figure 9 shows the 1 st to 4 th mode shapes of E-E beams. It is observed that the first mode shape depends mostly on the translational springs which move up and down, including a small bending along the length of the beam. But for the second mode shape, it seems to be dependent on the rotational springs in which the movement is clockwise and anti-clockwise. If the spring constant becomes large, the mode shapes of E-E beams behave like C-C beams.
Concluding Remarks
This research applies the differential transformation method to solve the governing differential equation of free vibration of functionally graded beams supported by various types of general boundary conditions, including elasticcally end constraints. FG beams made of Al 2 O 3 /Al are chosen to study the free vibration behavior. In general, the results revealed that trend of frequency results for various modes of vibration decreases as the volume fraction indexes increase, except for the case of the E-E boundary conditions in which the trend of the first two modes is reversed owning to the effects of translational and rotational springs at both ends. It is also seen that there are considerable changes of frequencies as well as mode shapes when the stiffness of spring becomes larger. The frequency equation and mode function presented in this study can be specialized to approximate any other boundary conditions, with or without springs, by setting the values of spring constants as appropriate.
